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Abstract 

Unconstrained local Lagrangians for higher-spin gauge theories are bound to involve aux- 
iliary fields, whose integration in the partition function generates geometric, effective 
actions expressed in terms of curvatures. When applied to the triplets, emerging from 
the tensionless limit of open string field theory, the same procedure yields interesting 
alternative forms of geometric Lagrangians, expressible for both bosons and fermions as 
squares of field-strengths. This shows that higher-spin curvatures might play a role in 
the dynamics, regardless of whether the Fronsdal-Labastida constraints are assumed or 
forgone. 
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1 Introduction and Summary 



The investigation of the properties of string theory, in a properly defined low-tension 
limit, should provide crucial information on its massless phase with higher-spin gauge 
symmetries, long conjectured to describe its high energy regime [1. 2. 3]. However, while 
several options exist for the definition of this limit, the interpretation of the resulting 
interacting theory is still not fully clarified^ [4, 5]. 

The situation simplifies if one confines the attention to the free sector of the Lagrangian 
of open bosonic string field theory [10]. In this framework in fact, as first suggested in 
[1, 11], properly rescaled Virasoro generators satisfy a simplified algebra, in the limit a' — > 
oo, without central charge. The corresponding, identically nilpotent, BRST operator 
allows to define in any space-time dimension gauge-invariant Lagrangians for massless, 
but otherwise arbitrary representations of the Poincare group [12, 13] (see also [14, 15] for 
reviews). In particular, for the leading Regge trajectory associated to symmetric fields, 
the equations of motion and the gauge transformations for the corresponding systems, 
collectively referred to as triplets, read 

nif — dC , 5(p — OA, 

C ^ d- (p - dD, 5C = dA, (1.1) 

UD ^ d-C , 5D ^ d- A. 

where (f, C and D have ranks s, s — 1 and s — 2 respectively, in a notation where sym- 
metrised indices are not displayed^. Fermionic triplets can be derived similarly, starting 
from the rescaling of the Virasoro generators in the open superstring [12, 13]. 

The triplet equations (1.1) provide a description of symmetric gauge fields of any spin 
[17] somehow alternative to Fronsdal's one [18]. The main difference with respect to [18] 
is that neither fields nor parameters are subject to trace-constraints, while in Fronsdal's 
bosonic case it is assumed that the gauge parameter A be traceless and the gauge field (f 
be doubly-traceless. In addition, eqs. (1.1) can be shown to propagate irreducible modes 
of spin s, s — 2, s — 4, • • • , down to 1 or 0, according to whether s is odd or even [12, 13], 
to be contrasted with the wave equation of Fronsdal, that propagates irreducible spin s. 
Similar considerations apply to mixed-symmetry triplets [13], to be compared with the 
corresponding formulation for irreducible fields of arbitrary symmetry given by Labastida 
[19], that involves proper generalisations of the Fronsdal constraints. Absence of trace 
constraints and propagation of sets of irreducible representations are related issues, and 
indeed in [20] it was shown that eqs. (1.1), after elimination of the field C, can be recast 
as a set of decoupled Fronsdal equations for the corresponding representations. 

^For instance, one may choose to consider the hmit cither in the classical action [6], or in the scattering 
amplitudes, at the full quantum level [7]. Consistency is dubious in flat space-time, since interacting 
massless higher-spins are usually supposed to require a non- vanishing cosmological constant [8]. For a 
recent alternative approach to massless higher-spins in tensile strings sec [9] . 

^We use the "mostly-plus" space-time metric in d dimensions. Unless otherwise stated, in all ex- 
pressions symmetrised indices are implicit, and in the product of different tensors symmetrization is 
understood with no weight factors. Lorentz traces arc denoted by "primes", while the symbol "(?•" 
stands for a divergence. A full list of identities can be found in [16, 12]. To the purposes of this paper 
the only needed one is 9^5 « = {P+'')dP+i . 
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At any rate, the absence of (manifest) constraints in string-inspired descriptions of 
higher-spin gauge fields stimulated the investigation of theories possessing a wider gauge 
symmetry than the one assumed in the constrained setting. An additional significant 
motive was related to the fact that the Fronsdal-Labastida constraints appear in principle 
at odds with the structural properties of higher-spin curvatures. 

Higher-spin generalisations of the Maxwell and the Ricmann linearised field-strengths 
were introduced in [21, 22] for symmetric (spinor-)tcnsors, and were first investigated for 
mixed-symmetry fields in [23]. They represent the best candidates to describe properties 
of higher-spin geometry in metric form, at the linearised level. On the other hand, since 
they contain a number of derivatives equal to the spin, it was long assumed that they could 
play no dynamical role for spin s > 3, in agreement with the fact that their structure 
bears no apparent relation with the Fronsdal-Labastida constraints, and thus with the 
usual construction of higher-spin Lagrangians^. 

The problem was then reconsidered in [16, 12, 24, 25, 26, 27], where it was shown 
how to define Lagrangians and equations of motion built out of curvatures, describing 
the free propagation of irreducible, massless fields of any spin and symmetry. Those 
results generalised the works of Pronsdal and Labastida, that were shown to describe 
partially gauge-fixed forms of the corresponding geometrical theories. On the other hand, 
the resulting picture turned out to be rather unconventional, involving either non-local 
Lagrangians, or high-derivative, non Lagrangian, equations of motion. Thus, in order to 
try and reproduce the features of those theories in a more standard setting, the related 
problem of formulating unconstrained, local Lagrangians for irreducible higher spins was 
also investigated. 

The simplest solution to this problem^ was given in a series of works [29, 26, 27, 30, 31, 
32, 33], providing minimal local Lagrangians for irreducible gauge fields of any spin and 
symmetry. In particular, for the case of symmetric bosons, the basic result of both local 
and non-local formulations has been to show that the Lagrangian equations of motion can 
be always reduced to the "compensator form" 



where T {(f) is the kinetic tensor of the Pronsdal theory, while the compensator a is 
either an independent field, in local formulations, or a non-local tensor function of ip, in 
the geometric setting. In both cases it transforms proportionally to the trace of the gauge 
parameter, so that, once (1.2) is reached, the conventional Pronsdal equation, J-' (f) = 0, 
can be immediately recovered^. On the other hand, despite the unconstrained gauge 
invariance underlying the triplets of [12, 13], to date there has been no attempt to uncover 
possible relations of the corresponding Lagrangians with the curvatures of [21, 22]. 

^In particular, curvature tensors are gauge-invariant under unconstrained transformations of the po- 
tential. 

^Unconstrained formulations of irreducible higher-spins had been previously investigated in [28]. 

^The compensator equation (1.2) can be recovered from a consistent truncation of (1.1), imposing 
the additional condition (p' — 2D = da (where ip' denotes the trace of (/?), which is tantamount to 
declaring that all lower-spin modes in f are pure gauge [12, 13]. The reduction of the triplet Lagrangian 
to irreducible spin s is discussed in [34]. 



a 
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In this letter we would thus like to investigate the geometrical meaning of the re- 
ducible description of gauge fields provided by the triplets, limiting ourselves to the case 
of symmetric (spinor-)tensors in metric form^. The underlying idea is simple: the triplet 
Lagrangian is identically gauge invariant under unconstrained gauge transformations, in 
the same fashion as the higher-spin curvatures are. It involves auxiliary fields, but once 
the gaussian integration over those fields is explicitly performed in the partition function, 
the resulting "effective" Lagrangian would involve the field (p alone, and consequently it 
must be possible to express it in terms of curvatures. The same idea was already ex- 
ploited in [36], in order to clarify the relation between local and geometric theories for 
the irreducible case. 

The main outcome of this investigation arc the Lagrangians (2.13) and (3.7), that 
represent the geometric counterparts of bosonic and fcrmionic triplet Lagrangians of [12, 
13], respectively. The resulting equations of motion take a remarkably simple form when 
expressed in terms of curvatures: in the bosonic case, here displaying indices for clarity, 
they are 

^d^^ •••a''^7^,,..,,,.,...,((^) = 0, (1.3) 

where Ti ^^.-.^^^v^-.-vs {^) is the curvature tensor of [22], whose definition in terms of the 
symmetric gauge potential 'p ^^...^^ is recalled in Section 2.1. The corresponding equations 
for fermionic, rank-s, spinor-tensors ^-re 

^^d^^ •••a'^^7^„,.,...,(V^) = 0, (1.4) 

and thus can be formally obtained from the bosonic ones, interpreting the gauge potential 
as carrying an additional spinor index, while formally acting on (1.3) with the operator 
^. We would like to stress that no such a simple relation is found, in the irreducible 
case, between bosonic and fermionic equations, either constrained or unconstrained. To 
summarise, our results suggest the following remarks and speculations: 

• basically, what we show in this work is that curvatures can be used to describe 
the propagation of several Pronsdal fields, properly combined so as to reconstruct 
full gauge invariance of an unconstrained gauge potential. In this sense, we are 
led to conclude that presence or absence of constraints is probably not the clue to 
distinguish whether higher-spin curvatures may or may not play a role. 

• The triplets coming from the tensionless limit of string field theory provide a rel- 
evant example to this effect (not necessarily the only one): the integration over 
the auxiliary fields defines geometric Lagrangians and equations of motion which 
are alternative with respect to those investigated up to now. We observe that in 
(1.3) and (1.4) traces of the curvatures are absent, while it is known [37, 23, 24] 
that the condition that the trace of the curvature be zero is equivalent to impose 
a compensator- like equation of the form (1.2), implying propagation of irreducible 
spin s^. 

''A detailed discussion of triplets in generalised vielbein formalism can be fomid in [35] . 
^Analogously, the form of the non-local equation (4.1) suggests that its local, higher-derivative, non- 
Lagrangian counterpart should be obtained by the condition of vanishing divergence of the curvature. 
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• As a reflection of tlie simplicity of the triplet Lagrangians (2.4) and (3.3), their 
geometric counterparts (2.13) and (3.7) are much simpler than the corresponding 
ones for irreducible fields, presented in [16, 12, 26, 36]. It is tempting to speculate 
that this simplification could play a role at the interacting level, although we are 
not in the position to add much in this respect, if not for a few conjectures proposed 
in the following remark. 

• In all their known realizations, interacting higher-spin theories involve auxiliary 
fields. In view of what we discuss here and in [36], we judge it conceivable that 
interacting Lagrangians for gauge fields of any spin might admit an interpretation 
in terms of non-linearly deformed curvatures, once the auxiliary fields (or maybe a 
proper subset of them) are integrated away. Reversing the logic, one could look first 
for consistent deformations of non-local theories formulated in terms of curvatures, 
possibly suggested by some geometrical intuition. If any such programme is at all 
viable, we expect the extreme simplicity of the Lagrangians here presented to be 
of some help. The resulting theory could then be converted in more conventional 
terms, trading non-localities for auxiliary fields, with the bonus of additional insight 
into the meaning of the interactions themselves. 

We investigate the geometric form of the bosonic triplets in Section 2, while the 
fermionic one is discussed in Section 3. In both cases we first rederive the triplet La- 
grangians in a simple way, alternative to the BRST construction of [12, 13, 15]. In Section 
4 we comment on the equations of motion and on the corresponding current exchanges. 
The details of the inversion of the operator in the gaussian integration over the auxiliary 
fields are discussed in the Appendix. 



2 Bosonic triplets 

The triplet Lagrangian was first written in [12, 13], following the procedure sketched in the 
Introduction. A simple alternative derivation obtains starting with the trial Lagrangian 

C^^]^^U^, (2.1) 

and compensating its variation under 5</7 = 9A by as many auxiliary fields as indepen- 
dent functions of the parameter appear in intermediate steps. In general, in fact, the 
requirement that the full Lagrangian be gauge invariant does not fix uniquely the form 
of the additional terms to be introduced, and the resulting theory will possess different 
properties according to whether or not one tries to keep to a minimum the number of 
off-shell components^. 

^Keeping to a miminum the number of off-shell components uniquely leads to the Fronsdal theory. 
Indeed, assuming that the kinetic tensor contain □ Lp, and compensating its variation preserving locality, 
but without introducing any auxiliary fields, leads to the Fronsdal tensor 

J^=nip - dd-if + d'^ip' , (2.2) 
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In the case of the triplets, in order to compensate the variation of (2.1), we first 
introduce a new field C transforming as 5 C = □ A and write Ci — Cq -\- sd • C . In 
the variation of £i, on the other hand, two terms appear: 

= snAC - s Q ^- Aa-C, (2.3) 

the first of which can be compensated by a quadratic term in C, while for the second we 
need (according to the spirit of this derivation) a new field D sX. 6 D = d ■ A. In this 
way, we finally recover the triplet Lagrangian [12, 13] 

C^^<pn<p- \ sC'^ - (^^DnD + sd-ipC + 2(^^Dd-C. (2.4) 

As already stressed, differently from the local Lagrangians of [28, 29, 26, 34, 27, 31, 32], in 
this case unconstrained gauge invariance is related to reducible higher-spin propagation. 
The task of decomposing (2.4) in a sum of constrained, Fronsdal Lagrangians, each for 
any of the irreps propagating in (1.1), was undertaken in [20] Here we would like to 
exploit its unconstrained gauge invariance to establish a connection with the higher-spin 
curvatures of [22]. 



2.1 Effective Lagrangians and higher-spin curvatures 

Similarly to what we did in [36] for the irreducible case, we consider the gaussian partition 
function for the theory defined by the Lagrangian (2.4), and integrate over the fields C 
and D (or, equivalently, we can solve for C and D from their equations of motion and 
then substitute in C) obtaining in this way the effective Lagrangian for 



that we would like to make more explicit, computing the inverse of the operator 



(2.5) 



A= {u + -dd-). (2.6) 

The details of the calculations are presented in the Appendix. Here we just observe that 
the result depends on the rank of the tensors on which is supposed to act. Thus for 
instance on 7(1), the space of rank-1 tensors, one obtains 



with constrained gauge invariance: A' = 0. The double trace constraint is then needed for the construc- 
tion of a gauge-invariant Lagrangian. 

-'^'^More precisely, the decomposition is performed for the Lagrangian resulting from (2.4), after C 
is removed using its equation of motion. In (2.4), taken at face value, there are still more off-shell 
components than in the corresponding sum of Fronsdal Lagrangians. 
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and the resulting effective Lagrangian for the spin-3 case reads 
Ceff{'^) — ^{ipD(fi + 3d-(fid-ip + Sd-d-ip-^d-d-ip + d-d-d-(p-^d-d-d-ip} . (2.8) 
More generally, on T^f.)^ the space of tensors of rank k, the inverse of A is given by 

k 

so that, after some manipulations, the effective Lagrangian for the general case of spin s 
can be written in one of the two equivalent forms 

A«M = iE(:)9-'"^5^S-"'^ 

m=0 ^ ' 

m=l 

where in particular the term in curly brackets is identically divergenceless and gauge 
invariant (thus granting for gauge invariance of Ceff{^)), and indeed can be directly 
related to the curvatures of [22], as we now discuss. 

To establish a connection with higher-spin geometry we recall the definition of curva- 
tures given in [22] for a symmetric tensor of rank s: 

^iS. = E w ^r'^t^..,..-. , (2.11) 

fe=0 \k) 

in a notation (see [27], Sec. 2.1.1) where indices denoted by the same letter are to 
be understood as being completely symmetrised, without normalization factors, with 
the minimum number of terms required, while no symmetry between different groups is 
assumed. Moreover, dp denotes the product of k uncontracted gradients. 

Using (2.11) it is possible to express the effective Lagrangian (2.10) in terms of curva- 
tures, and the result takes the rather compact form^^ 

^effi^) = ^^^9•^7^W, (2.12) 

where the s divergences are computed with respect to indices belonging to the first group^^, 
so as to avoid the appearance of a spin-dependent sign related to the exchange property 

-'^-'^ For the generic term in (2.11) the computation gives d'^^ ' ' ' d^'{dli^^d^ip^^^i,^_^} = [''^d^W'^^^d-^ Lp , 
where in the r.h.s. the symmetrised indices belonging to the i^-group are omitted. In particular, the 
number of contributions to the final result is simply given by the number of ways in which one can 
saturate the s — k gradients in the /i indices with the corresponding s divergences. 

""^^Gauge invariance of (2.12), manifest in the form (2.13), can be also understood in terms of the 
group theoretical properties of the curvatures (2.11). Indeed, they define irreducible, two-rows GL{D,'R) 
tensors, so that symmetrization of one index in the i^-group with the indices of the ji group gives zero. 
For this reason the (s + l)-th divergence of T?.'-"-' vanishes identically, if s divergences are computed with 
respect to the same group. 
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(2.10) 



'R'l^lus = ^i's,Ms- Alternatively, it is possible to integrate by parts the divergences 

thus obtaining for the Lagrangians (2.12) the suggestive Maxwell-like forms-*^^ 

Leffi^)^ ^n^'^^""' . (2.13) 

Formula (2.13), together with its fcrmionic counterpart (3.7) to be derived in Section 3, 
represent the main result of this paper 



3 Fermionic triplets 



Fermionic triplets were also discussed in [12, 13], and in particular were linked to the 
tensionless limit of the open superstring in [13]. An alternative derivation of their La- 
grangian obtains mimicking what we did for bosons in Section 2. One starts with the 
basic quadratic form 

Co (3.1) 

where ^0 is a rank-s spinor-tensor, whose first-order variation under 5ip — de, S-ip — de 
can be compensated introducing an auxiliary field x transforming as 5 x — leading 
to the new trial Lagrangian 

A = Co -i{dx^ + ^dx). (3.2) 

Again, following the idea of this derivation, we balance the divergences of the parameter 
appearing in the variation of (3.2) introducing a new field A, with 5 A = 9 ■ e, finally 
obtaining the Lagrangian of the fermionic triplet [12, 13]: 

L^i^ ^i^-isx ^x-'2i('^>^ + {isxd-i^ + 2i('Vxd-x + h.c.}. (3.3) 



3.1 Effective Lagrangians and higher-spin curvatures 

Performing the fermionic gaussian integration over X X ^^iid then over A and A we 
obtain the effective Lagrangian for the fermionic spin-(s -|- |) triplet 

£e//(0,'0) = ^0 + isd-tp-^d-ij + id-d-ipi^in + -dd-)]'^ d ■ d ■ tp , (3.4) 



^^I am especially grateful to X. Bekaert and E. Joung for drawing to my attention this rewriting of the 

Lagrangians (2.12). 

"'^'^For the spin-2 case, infrared modifications of the Einstein-Hilbert action involving inverse powers 
of the D'Alembertian operator have been proposed in [38]. In the MacDowell-Mansouri-Stelle-West 
formulation of gravity [39, 40] the Lagrangian is written as a square of curvatures (in the sense of the 
wedge product), in the Cartan-Weyl formalism. On the other hand, the resemblance of that result 
and of its generalisations to free higher-spins, as reviewed by Bekaert, Cnockaert et al. in [17], with 
the Lagrangian (2.13) is not so direct. Indeed, once the MacDowcU-Mansouri-like system is reduced to 
metric-form the resulting Lagrangian reproduces the Fronsdal one, describing irreducible spin s in terms 
of constrained fields, and for this reason it cannot be equivalent to (2.13). 
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where the strong resemblance with the bosonic result, in particular as given in (2.5), is 
already manifest. Corresponding similarities are met when expressing >Ce// (■0, V^) in terms 
of curvatures. Indeed, making use of (2.9), we can write (3.4) in the explicit forms: 



s (3-5) 

^ii^ ^(-1)- — a-™V^}, 

m=l 

where again, as for the case of bosons, the second can be directly expressed in terms of 
the curvatures (2.11) as 

A//(V'J) = ii^-^d.^n^^\ (3.6) 



or, equivalently, in the more inspiring form 

(-1)' 

s + 1 ' □ 

4 Equations of motion and current exchanges 



The equations of motion in the presence of a source, for the effective bosonic theory 
defined in (2.12), read 

^a.^7^W((^) = J. (4.1) 

As anticipated in the Introduction, it is interesting to observe that fermionic, non-local 
equations of motion, easily computed from (2.12), can be formally obtained from the 
corresponding bosonic ones simply interpreting the field as carrying an additional spinor 
index, while also acting on the resulting tensor with the operator ^: 

^a-^7e(^)(^) = J ^ Aa.^7eW(^) = ^. (4.2) 

It should be stressed that such a strong similarity between bosonic and fermionic 
equations is not met in the comparison of theories describing irreducible spins s and 
s + |. Indeed, with the exception of the pair {sb,sf) — (0, |), the formal relation 
between bosonic and fermionic wave operators does not amount to the simple operations 
we indicate in (4.2), neither in the constrained (Fang-) Fronsdal case [18] (or in their 
minimal local counterparts [29]), nor in the non-local formulations of [16, 12, 26]. For 
instance, as already noticed in [16], the formal relation between the Fang- Fronsdal tensor 
S — — d ip\ defining the equations of motion for constrained fermions, and the 

Fronsdal one (2.2), is 

S-\^? ^ ^ i^T{^), (4.3) 

while similar complications are met when comparing the geometric, non-local, equations 
for irreducible bosons and fermions of [16, 12, 26]. 
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Restricting the attention for simplicity to the bosonic case, we would now like to show 
that the equation we found bears the same physical content as (1.1). Indeed, (4.1) in the 
absence of sources can be written in the form 



°^ + ^{E^;^^^-"^^>=0' (4-4) 



m=l 

where in particular the gauge transformation of the second term is 

5{Y^- — '—- -d-"' if} = -uK. (4.5) 

m=l 

Thus, solving for the parameter A, it is possible to choose a gauge where 

^ f -I \m Qm— 1 
m=l 

and then notice that this condition implies d ■ ip — 0^^. In this fashion, (4.4) is reduced 
to the system 

(4.7) 

describing indeed the same content as (1.1) The rehability of these manipulations is 
confirmed by the analysis of the current exchange between conserved sources^^, that in 
the case under scrutiny takes the extremely simple form 

J-{np + J] (-1)^ a (^} = j.n^ = J-J, (4.8) 

m=l 

thus reproducing, as expected, the corresponding result that one obtains from the triplet. 
In that context in fact, eliminating C, the equation for cp when coupled to a source reads^^ 

Dip - dd-(p + 2d^ D = J , (4.9) 

while the equation for D only provides a consistency condition for the conservation of J^. 
Contraction with a divergenceless source leads then to (4.8). 

At any rate, as we argued in [36] for the irreducible case, our opinion is that the very 
procedure we followed to derive the equations here presented provides in a sense a proof of 
their physical content, allowing to trace back in an unambiguous fashion all non-localities 
to the presence of auxiliary fields in the corresponding local Lagrangians. 



^^Equivalently, we could directly fix a gauge where d ■ (f = solving for □A + i9i9-A + (9-(^ = 0by 
means of (4.11), for n = 1 and 6=1. 

-'^^Adding to (4.7) the condition of vanishing trace, cp' = 0, would complete the Fierz system [41] for 
irreducible propagation of masslcss spin s. In the absence of the trace condition the theory is still unitary, 
but all lower-spin components in ip propagate. 

"'^''See [26, 30] for the irreducible case, and [20] for the case of triplets. 

-"^^In terms of the diagonal basis of Fronsdal tensors, eq. (4.9) implies that the various propagating 
fields are coupled to traces of a single source, rather than to independent currents. 
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Appendix 

We would like to prove formula (2.9), according to which the inverse of the operator 

A = n"(l + 6^a-) (4.10) 
on T(fe), the space of tensors of rank k, is given by the expression 



The basic observation is that on T(fc) the operator Pk = ^ d is idempotent: = Pk ; 
this implies that the inverse of A shall contain only the operators P^ with i < k, with 
coefficients that we would like to determine. For instance on T'(i) we would have 

A-; ^n-^{l + fi^d.), (4.12) 
from which, requiring that At^sA = I, we obtain n — — Similarly, on T{2) we try 



— d- +112 — 
□ □- 



A^,;= u--{i + +^,2 — ^■^■), (4.13) 



and imposing A^^^^A = 1 we find ni = — -(Y+Fj ' A*2 = + (i + &) [1 + 2 b) ■ According to the 
suggested pattern, we thus conjecture the general solution to be given by (4.11), which 
can be proven by induction. Indeed, imposing AA'^j^_^-^^^ = I on T(^k+i), we find the same 
system as for the k-th step, whose solution is assumed to give ^(^), together with terms 
involving Pk+i, whose coefficients are 

uk+l 

(-1) ^=+1 — {(^ + 1)! - (^ + 1)! (1 + (/c + 1) 6) + 6 (/c + 1)! (^ + 1)} , (4.14) 

and can be easily verified to sum up to zero. 
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